An analysis of tokamak density fluctuations data permits the determination of two characteristic exponents. The exponents correspond to the powers of a power-law dependence of the distributions of the long-lasting monotonic change ͑''flight''͒ of the density and the time length of these changes. Speculation based on these results leads to construction of the fractional kinetic equation for the distribution function of the flights. The asymptotic transport properties of the particle density distribution function are directly connected with the exponents obtained from the density fluctuations data.
I. INTRODUCTION
This paper gives an example of how data analysis of the long-time density fluctuations in a fusion-relevant plasma permits the determination of some of its large-scale spatial properties. In order to control a large, hot plasma in a quasistationary regime, one can try to develop a ''phenomenology'' of its dynamics. In part, the phenomenology should appear as a result of coarse-graining microscopic observations, i.e., small scale space-time processes. Such analysis should lead to the description of some of the large scale space-time processes in terms of small scale processes. Although there is now a rough consensus on what features of the hot plasma should be considered as its large-scale characteristics, we note that small scale phenomena, such as the presence of many magnetic islands, divertor effect, scrapeoff layer physics, etc., can influence the macroscopic dynamics. In line with this approach to the phenomenology we would expect such properties as intermittency and coherent structures to appear in the data. If this goal is realized, the proposed style of analysis would also provide guidance for planning of data acquisition and processing systems for future experiments, so that one might observe correlation between changes of different global properties of fusion plasmas and changes observed by the massive data analysis.
The first question that arises immediately from the preamble is: Is there any indication that from the already known microscopic data there are any large-scale stable characteristics of the tokamak? The purpose of this paper is to answer ''yes'' to this question. We will address this question by reference to density fluctuation data taken at the plasma core close to the edge. In fact, there can be different scaling ranges which depend not only on where the measurements are performed, but in what regime of the device the data were taken. For example, on the question of the role of internal magnetic islands versus separatrix effects, we might suggest the study of probe measurements within the plasma versus the same fluctuation measurements in the scrape-off layer. Such data are available and could be used for further work. We also mention earlier references on the related issue. 1, 2 It is a common view that the plasma fluctuations in different devices are a result of the complex interaction of nonlinear processes, chaotic dynamics, self-organization, etc., and that these fluctuations may display a self-similar spacetime pattern. Support for this new approach may be found in the data analysis in Refs. 1-3. The so-called self-organized criticality ͑SOC͒ concept 4 has been exploited as a model to represent typical general features of plasma fluctuations. [5] [6] [7] [8] The Hurst exponent 9, 10 has been calculated in Refs. 2 and 3 to describe some fractal properties of the time series of the density fluctuations obtained from different plasma devices. Speculations based on a running sand-pile model were the subject of serious articles, [5] [6] [7] [8] where the large-scale plasma behavior was discussed on the basis of the SOC concept. Although some self-similarity properties observed in the plasma devices are in direct analogy with phenomena of some regimes of sand-piles, this concept by itself does not, at present, lead to a direct determination of a transport model applicable to the physical processes in the devices.
An alternate way to examine the self-similarity of the field and density fluctuations is based on the use of models of stochastic processes that are far beyond simple Gaussian processes and that can take into account the effects of memory, intermittency, and fractality in ways that can be explicitly connected to the basic plasma dynamics physics. Examples of such different possibilities of stochastic processes are Lévy-type processes, 11 Weierstrauss random walks and their modeling of the fractal-time processes, 11, 12 and fractional kinetics phenomenology introduced in Ref. 13 and applied to some dynamical systems. 14 The essential value in the use of fractional kinetics is the possibility to make an explicit connection between critical exponents of the anomalous transport process and specific features of the dynamics such as ''flights'' and ''trapping time'' distributions, both of which are imposed by specific physical phenomena. We include in the term ''flights'' not only Lévy flights ͑see, for example, Ref. 11͒, but also generalized almost-regular bursts in evolution of the system, appearing as a kind of singularity and induced by intermittency, and nearness to a bifurcation point, etc. 15 Some self-similar regimes of the running sand-pile model can be successfully interpreted from the fractional kinetics point of view. 16 Not much has been done to explain how the fractional kinetics can be applied straightforwardly to plasma devices. As examples, we mention fractional kinetics of passive particles in the helical flow, 17 where the hierarchical set of islands in the phase space was pointed out and which defines the anomalous features of the transport; and the attempt ͑far from being completed͒ to find a connection between different scales of particle transport and different regimes of the nonlinear dissipative plasma model. 18 The goal of this paper is not only to show the existence of the self-similarity of the density fluctuations data obtained from the DIII-D tokamak, 19 but also to emphasize the idea of the necessity of the broad screening of similar data in relation to the manner, specific regime, and specific place of the data acquisition.
II. ORIGIN OF THE ANOMALOUS PROPERTIES OF FIELDS AND PARTICLE DYNAMICS
Plasma instabilities are a natural cause of loss fast particles confinement from the volume. Even after averaging over spatial-temporal periods of microoscillations, the evolution of the macroscopic time-space phenomena should appear. Two examples of the origin of the large scale phenomena include the following.
͑a͒ Quasistationary plasmas confined in a threedimensional magnetic configuration possess an underlying magnetic field structure of numerous magnetic islands. Even in a two-dimensional configuration, spontaneous symmetry breaking can lead to a similar situation. 20 The relative importance of such magnetic structures has been a long-standing controversial issue. 21, 22 However, as more fine-scale electron temperature measurements become available, there is more evidence of magnetic structures in confined plasmas. 23, 24 Detailed information on the nature, volume, and origin of these islands is limited. Nevertheless, on the basis of recent results for the magnetic field lines behavior, we can state that the boundary of an island may be ''sticky,'' i.e., it can attract particle trajectories for some period. This mechanism of the induced ballistic transport differs strongly from the normal, Gaussian type, diffusion. Not all islands are sticky, and those that are sticky generate different transport anomalies. 15 Independent of the variability of sticky islands, the anomalous transport of field lines or particles can be expressed in the form
with a transport exponent Ͼ1. This phenomenon is called superdiffusion. ͑b͒ The magnetic field structure at the plasma edge is strongly affected by the presence of a separatrix in magnetic field structure. Thus, a topological effect intervenes in the large-scale particle dynamics through the influence of a specific type of divertor, limiter, etc. Depending on control parameters of the field geometry, ballistic islands may appear in the vicinity of the separatrix 25 leading to anomalous transport in the poloidal and toroidal directions. Such transport will be reflected in the large scale properties of the distribution function of particles.
͑c͒ Global constraints, such as profile consistency 26 induced by self-organization dynamics close to a marginal point, can cause an increase in the transport that is characterized by multiple space scales. This phenomenon can also be the cause of anomalous diffusion, exhibited in Eq. ͑1͒, which is also contained in the distribution of ''flights,'' and which we introduce later.
Whatever dynamical cause of the anomalous diffusion, the phenomenon may be responsible for some of the experimental observations in magnetically confined plasmas, such as the Bohm scaling of the diffusivities of the low confinement mode and the apparently nonlocal behavior of some perturbative experiments.
From very general considerations one expects that particle density distribution in space and time will have a tail, and that the tail is a complex result of the major large-scale plasma properties. Further, the tail of the distribution, in a simplified version, can be approximated by the distribution function
The exponents 1 , 2 in ͑2͒ and in ͑1͒ should be coupled to the large scale factors that govern the long-lasting fluctuations, i.e., for example, to the magnetic islands and the fieldlines topology. In fact, expressions ͑1͒ and ͑2͒ are oversimplified models which can be replaced by a more realistic situation that involve some distribution of values , 1 , 2 near their fundamental magnitudes. We discuss this issue further in Sec. VII. The first step in checking the relevance of this approach to microscopic and macroscopic properties is to analyze the data and to validate the existence of a scaling behavior of the density distribution.
Similarity conditions, such as the one given by Eq. ͑2͒, have already been investigated for the probability distribution function of the density fluctuations, plasma potential fluctuations, and the induced turbulent particle flux. 1, 2, 27 However, one difficulty often encountered is how to make a reliable determination of the exponents in the tail part of the distribution function of density fluctuations or other extents. The techniques developed here improve the calculation of the exponents over previous determinations.
III. DESCRIPTION OF THE DATA
This analysis method is applied to the multichord beam emission spectroscopy ͑BES͒ data from the DIII-D tokamak.
In the present analysis, we have considered the discharge 92 409 for several reasons. This shot was a relatively lowpower negative-shear discharge. For this discharge, the data were collected during its early phase, therefore, there was no qϭ1 surface in the plasma. This eliminates any possible sawtooth oscillations that could add a serious complication in the fluctuation analysis. There was also no evidence in this shot of spurious beam oscillations. Finally, during the time range analyzed, there was no evidence of any coherent mode activity.
The DIII-D BES system has 25 channels, 19 and gives fluctuation measurements at radial positions separated by about 1 cm. For each channel we have a time record of 250 000 points. Data were collected with a sampling rate of 1 MHz. Here, we have considered data from those 6 channels closest to the plasma edge.
Over the shortest time scales, the BES fluctuation measurements are affected by photon noise. This noise is not important for the present studies because our analysis is focused on larger time scales. Furthermore, the analysis shows how we can overcome this contamination. On the other hand, on larger scales, the BES fluctuation measurements can be affected by the so-called common mode, oscillations induced in the beam by the fluctuations at the plasma edge. However, since we are analyzing data relatively close to the plasma edge, it is not necessary in this study to correct for the common mode.
IV. FRACTIONAL EXPONENTS
We consider a sequence of density fluctuation measurements ͕x i ͖ at a fixed radial location. We define the cumulative density at a given point in space and at the time t n as
The density x j ϵx(t j ) is measured at the time t j . For large nϭNӷ1 the mean square fluctuation is
͑4͒
The mean square fluctuation is proportional to N if the large number law can be applied, or if the sequence x j represents, particularly, Gaussian process. It is known from numerous observations of nonplasma systems that the property ͑4͒ can be very poor and sometimes does not reflect specific features of a system and, more specifically, its fractal properties, which typically are attributed to some turbulent process. In general, S n admits fluctuations which do not follow the Gaussian distribution, but which possess power-like tails and infinite high moments. Let us consider probability distribution function ͑PDF͒ P(⌬S) of fluctuations ⌬S n for different time instants n:
where N is the length of the time series and ͗S N ͘ϭS N /N.
͑6͒
Particularly, for nϭN we have simply ⌬S N ϭ0. For white noise, P(⌬S) is Gaussian, while for processes that obey fractional kinetics we expect
So far, the variable ⌬S has not been adequately defined in a way to extract a large scale asymptotics. To do so, we have to consider ⌬S averaged over different time scales. Therefore, let us introduce a coarse-graining of ⌬S corresponding to a ''boxing'' for the set ͕⌬S n ͖:
where a is an integer that defines a size of the box. Expression ͑8͒ means that instead of the set of k values (⌬S akϩ1 , . . . ,⌬S akϩa ) we consider the mean value ⌬S k located at the time interval (akϩ1,akϩa).
In Fig. 1 we present the density fluctuation data ͕x j ͖ for one of the BES channels. The data do not show any significant feature but noise. The situation does not change even after smoothing of ͕x j ͖ over the nearest 60 points. This is possibly due to the photon noise that is large at small time scales. The pattern becomes different when we consider ⌬S, defined in ͑5͒, versus n ͑Fig. 2͒. A simple look at the new series ͕⌬S k ͖, which have a length k max ϭN/a, displays two types of behavior: fairly long-lasting, almost monotonic, segments of the sequence which we will call ''flights'' and segments with small-scale regular fluctuations. We filter the short-scale fluctuations using a smoothing over the length a and consider only large-scale flights.
Consider an example of a sequence
i.e., the set ⌬S j has monotonic changes from jϭk to jϭk ϩm. We shall call the sequence ͑9͒ a flight. Denote ⌬n a to be a length of the monotonic part of ⌬S k , i.e., the length of a flight. This means that ⌬n a takes values:
͕⌬n a ͖ϭ͕a,2a,3a, . . . ͖.
͑10͒
For the example ͑9͒, the length of the flight is ⌬n a ϭma. The flights can be defined in both ''directions,'' i.e., as monotonic increasing or monotonic decreasing of ⌬S j . Then P(⌬n a ) is PDF of the length of flights, i.e., time intervals of a monotonic variation of the cumulative density. It will be demonstrated in Sec. V that P(⌬n a ) possesses the asymptotic behavior as
for some interval of values of ⌬n a , and that result is stable with respect to different choices of the value of a. In a similar way we may introduce a change of ⌬S during the flight, i.e.,
for a flight of the length m, and consider a PDF P(s) of the cumulative density changes during flights. In other words, P(s) is a distribution function of the cumulative density fluctuations. A specific feature of that density is that we consider only long-lasting fluctuations. It will be seen in Sec. V that P͉͑s͉͒ϳ1/͉s͉ 1ϩ␣ . ͑13͒
We postpone until later the discussion of the connection between P(⌬n) and P(͉s͉).
V. RESULTS FROM THE DATA
In Fig. 2 we present ͕⌬S k ͖ without boxing (aϭ1). Figure 2 displays numerous flights as well as short-scale noisy parts. Figure 3 presents P(⌬n 50 ) and P(⌬n 25 ), and these distributions indicate a power law dependence of the tail. There is no significant difference between P(⌬n 50 ) and P(⌬n 25 ). The resulting value for ␤ in ͑11͒ is ␤ϭ1.4Ϯ0.
͑14͒
The region of the significant part of the data extends over 1.5 decades, which is a little less than the desirable few decades of data length. Increasing the statistics is thus necessary, and it could be done by selecting data from different shots with similar conditions. Similar behavior with a power-type dependence is obtained for P(͉s͉) with exponent ␣ within this interval (0.6-1.4) ͓see Fig. 4 and definition ͑13͔͒. This preliminary analysis shows the presence of intermittent behavior which can be induced by a large-scale physical phenomenon such as the effects of magnetic islands or near-separatrix dynamics. Additional information on the presence of fractal structures and self-similarities in the data can be obtained by applying a wavelet transform:
with a rectangular kernel:
with the width of the kernel 2b. The results are presented in Fig. 5 . They indicate the existence of self-similar structures. The largest time interval is max⌬tϳ75 000; the smallest one is min ⌬tϳ2 Ϫ4 max ⌬t. In this way we confirm the existence of the temporal fractal structure in the density dynamics.
VI. DESCRIPTION OF THE FRACTIONAL KINETICS
Although the data in Figs. 3 and 4 supporting the powerlaw distributions P(s) and P(n) are already significant for understanding the anomalous large scale plasma behavior, the analysis may be much more effective if we can obtain an equation governing the distribution of density fluctuations. Here, we propose to use phenomenological fractional generalization of the Fokker-Planck-Kolmogorov ͑FFPK͒ equation, 13, 14 which was successfully applied to some chaotic maps 15, 28, 29 as well as to the running sand-pile model. 16 For this goal, we introduce a distribution function F s (s,t) that describes only a singular part of the full distribution function
where F r (s,t) is the regular part of the distribution function. The F(s,t) has a standard meaning as a probability density to have the particle mass ͉S͉ at time t, while the singular part F s (͉s͉,t) describes only the long-lasting and high-magnitude fluctuations of the mass. Then, for a simplified situation to be discussed later, F s (͉s͉,t) satisfies the FFPK equation
where D ␣␤ is a constant, ␣ and ␤ can be fractional, and st is a source term ͑see more about st in Refs. 30 and 16͒. Equation ͑18͒ has, in particular, self-similar solutions of the type of ͑2͒, 30 and the main problem of finding the solution is to make connection between ␣,␤,D ␣␤ , st, and real physical properties.
Multiplying ͑18͒ by ͉s͉ ␣ and integrating it over ͉s͉, we obtain asymptotically when the st is not important:
and, in a similar way,
It is convenient to introduce a transport exponent
ϭ2␤/␣ ͑21͒
which, in the case of a full self-similarity, provides ͉͗s͉ 2 ͘ϳt
.
͑22͒
Expression ͑22͒ does not always follow from ͑19͒ and ͑20͒, especially in the case of multifractality.
29
Equation ͑18͒ without the source term is invariant with respect to the scaling transformation of both variables ͉s͉ and t. This property can help to establish connection between ␣,␤ and the observed data ͑see further details in Refs. 15, 29, and 16͒. For the case considered, we may take ␣ and ␤ exactly the same as defined in ͑11͒ and ͑13͒, provided there are no other critical exponents that are important for the particle density evolution. Using ͑14͒ and value of ␣ from Fig.  4 , we arrive at ϳ2.8Ϯ0. 8 . ͑23͒
It is a difficulty to define more accurately since the value of ␣, which is close to one, must be determined more precisely. Let us discuss possible interpretations of the value ͑23͒ for . In an abstract situation when s is a displacement, ϭ1 corresponds to normal diffusion, 1ϽϽ2 means superdiffusion, and ϭ2 is ballistic evolution. In the case of ͑22͒, s is integral density during its monotonic evolution ͑i.e., ''flight''͒ and the connection between s and particle dynamics is unknown. Due to this, we have an ambiguity in interpretation of ͑22͒ and ͑23͒ as either a superdiffusion or superballistic regime. The latter case can appear, for example, if integral density grows monotonically due to accumulation of the ballistically moving particles, i.e., ͉s͉ϳl, where l is a particle displacement. Then the anomalous transport ͉͗s͉͘ϳt 1.4Ϯ0.4
͑24͒
that follows from ͑22͒ is the superballistic one or close to it ͑see also Refs. 31 and 32͒. That means a local acceleration of particles during a ''flight.'' In fact, the connection ͉s͉ϳl may not exist, and then the superdiffusion will be the major characteristic of the transport process.
VII. DISCUSSION
We have discussed two issues related to the tokamak data on the density fluctuations obtained from DIII-D in the region close to the plasma edge. The first is, how to work with the data in order to extract large scale density dynamics. It is worthwhile to mention that the raw data are noisy, and the power-law dependencies of the density not appear explicitly. However, we were able to obtain two important characteristics of the density dynamics: power-type distribution of the density fluctuations and a similar behavior of the time length of these fluctuations. We believe that enriched information can be obtained from different regions of plasmas and then compared.
The second issue is related to speculations based on the phenomenologically determined exponents (␣,␤) for the distributions of the integral density fluctuations and their time length. Using the equation of fractional kinetics, it is possible to couple data to the mass/charge transport through the transport exponent ϭ2␤/␣. Since the fairly high error bar for the data ͑29͒, one may consider the results ͑28͒ and ͑29͒ reasonably consistent, although we may expect other situation͑s͒ when more accurate data and better statistics will be used. This type of study must be extended to include as much fluctuation data as possible. Our results emphasize the importance of high accuracy and large statistics for the fluctuation data. We hope that if such data become available, it will not only lead to better information about the core and edge plasma, but will also provide a possibility for precise differentiation of different regimes of tokamak operation. One must note that we have considered the oversimplified situation of pure scaling laws characterized by only two exponents ␣ and ␤. In fact, one can expect multifractal situations when the transport formulas ͑19͒-͑22͒ should be improved by introducing multiscaling. We will return to this issue in future publications.
